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Prologue

Financial econometrics literature focuses on measuring,
modeling and forecasting of volatility
Yet, a number of important decisions require estimation of
entire distribution of future returns
Desirability of conditional risk measurement (VaR):
1
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Portfolio-level (aggregated): Risk measurement
Asset-level (disaggregated): Risk management

⇒ Need for conditional density forecasts of returns
Many situations with exposition to volatility risk
⇒ Need for conditional density forecasts of volatility
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Prologue

Prominent problems in finance calling for understanding entire
distribution of returns
Risk measurement and management (VaR)
Portfolio allocation (when returns are non-Gaussian)
Hedging and market timing strategies
Derivative pricing
⇒ require a full characterisation of the multi-period forecasts of
returns density, which will be conditional

3 / 34

Available literature
Only small part of literature pays attention to modeling
conditional distribution. There are basically two strands:
Andersen, Bollerslev, Diebold & Labys (2003), Giot &
Laurent (2004) & Clements, Galvao & Kim (2008).
⇒ Combine time series models for realized volatility with
estimators of conditional distributions
Brownlees & Gallo (2009), Shephard & Sheppard (2009)
and Maheu & McCurdy (2010)
⇒ Base predictive density on parametric return-based
volatility models.
Engle & Manganelli (2004) propose quantile regressions CAViaR models
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This paper
An important question
Can we fully use high frequency data (and realized
measures) in density forecasting?
We provide answer!
We take a different route
We propose to couple the flexible quantile regression with
realized measures
⇒ Semiparametric framework with nonparametric
measures
... and model conditional quantiles of daily returns and
realized volatility
To the best of our knowledge, quantile regressions has not
been applied with realized volatilities
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Coupling quantile regressions with realized
volatility

In a simple way, we model and forecast the quantiles of
distributions very successfully
avoiding restrictive assumptions on underlying conditional
densities ⇐ use of nonparametric measures
understating information jumps carry about quantiles of
future returns and volatility ⇐ decomposition of ex-post
variation to continuous and jump part
understanding asymmetries ⇐ use of realized semivariances
capturing persistent dynamics through realized volatility
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Main contributions of this paper
We propose a simple model for conditional quantiles of
returns.
We propose heterogenous quantile autoregressions (HQAR)
with jumps and implied volatility (extension of popular
Corsi (2009))
We introduce Realized CAViaR (enhance CAViaR model
with realized measures)
Models utilize realized measures decoupling jumps and
continuous part of volatility
Models utilize option implied volatility
Models allow for asymmetries
Our models forecast quantiles very precisely h = 1, 5, 10
steps ahead.
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What’s in the Data?
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Returns and Realized Volatility of S&P 500

Retruns: Approximately serially uncorrelated
Not Gaussian (heavy-tailed)
Heteroskedastic
Most important information: Volatility (translates to risk)
Hence it is natural to think about quantiles as a function of
volatility
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Simple, but (can be) very missleading

Conditional dynamics is nowadays widely modeled by
(G)ARCH models (and its many extensions)
High Frequency data (non-parametric measure)
Or recently, their combination (Realized GARCH of
Hansen et al. (2011), HEAVY models by Shepard and
Sheppard (2011))
These approaches are
Fully parametric
VaR is obtained simply by rescaling the distribution with
volatility
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Conditional quantiles modeling

As mentioned earlier,
Very few comprehensive models for conditional distribution
of returns
No models for modeling distribution of volatility!
Our simple approach is to:
Quantile regress returns on past realized volatility
Qunatile regress realized volatility on past realized
volatility
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Quantile regression for returns

A simple linear quantile regression can be used to estimate
following model of conditional quantiles of returns:
qα (rt+1 |Ωt ) = β0 (α) + βv (α)0 vt + βz (α)0 zt
rt+1 = Xt+1 − Xt
1/2

vt = (QVt
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JVt
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, QVt−1 , . . . , IVt
1/2
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, JVt−1 , . . . , V IXt
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, IVt−1 , . . . ,
1/2

, V IXt−1 )0

with zt vector of weakly exogenous variables and βj (α)
vectors of coefficients.
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Quantile regression for returns cont.
The parameters can be estimated by minimizing the
following objective function
T
1X
ρα (rt+1 −β0 (α)−βv (α)0 vt,M −βz (α)0 zt ),
T
t=1
(1)
where ρα (x) = (α − 1{x < 0})x, and
β(α) = (β0 (α), βv (α)0 , βz (α)0 )0 .

QRT,M (β(α)) ≡

Using different measures in vt , we can build several models
decoupling IV and jumps
realized semivariance
Volatility implied by options (stock market’s expectation)
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Quantile regression for Volatility

In addition, we propose a model for conditional quantiles
for realized volatility.
We call it heterogeneous quantile autoregressive model
(HQAR) with jumps and implied volatility.
As an extension of popular Corsi(2009).
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Quantile regression for Volatility cont.
As Realized volatility is observable measure of volatility, we
can utilize this framework and forecast its distribution
qα (QVt+1 |Ωt ) = β0 (α) + βv1 (α)0 vt + βv5 (α)0 vt,t−5 +
+βv22 (α)0 vt,t−22 + βz (α)0 zt
vt,t−k = 1/k

k−1
X

vt−j

j=0

with the same vt (simplest is choice of QVt )
Note that this is (quantile) generalization of HAR
Estimation reduces to Quantile Autoregression
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Measurement error problem
We need to make sure that impact of the measurement
error vanishes so asymptotically, we obtain quantiles of true
quadratic variation (and not realized variance measure)
We provide sufficient conditions for convergence of
d T,M to feasible QRT
infeasible objective function QR
Under the mild conditions A1-A3 (zero drift of the process
and existing moments of the measurement error), we show
that the number of intraday observations M has to grow
faster than power of T , so the measurement error associated
with realized measures and jump degenerate in limit.
Proposition 1
2

Under assumptions (A1) - (A3), if T 2k−1 M −1/2 → 0 as
T, M → ∞ and Θ is a compact parameter space, then
p
supβ∈Θ |QRT,M (β) − QRT (β)| → 0.
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Competing models: Realized CAViaR
To assess the relative performance of our approach, we consider:
CAViaR model proposed by Engle and Manganelli (2004):
Conditional Autoregressive Value at Risk by Regression
Quantiles
We augment it using various realized measures xt−1
For daily asset return quantiles, qt (θ), we consider
following two specifications:
Symmetric absolute value:
qt+1 (θ) = β1 + β2 qt (θ) + β3 |rt | + γ 0 xt ,

(2)

Asymmetric slope:
qt+1 (θ) = β1 + β2 qt (θ) + β3 (rt )+ + β4 (rt )− + γ 0 xt−1 , (3)
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Competing models: Realized CAViaR

Thus another novelty of our paper is to propose Realized
CAViaR
Utilize various realized measures again
We are the first to test multi-day forecasts (h = 1, 5, 10)
from CAViaR framework.
We use direct forecasting.
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Competing models: ARFIMA

Second benchmark, we use long-memory lognormal-normal
mixture proposed by proposed by Andersen et al. (2003)
−1/2

rt = RVt,M t ,
d

(1 − φL)(1 − L) log RVt,M

= (1 − ψL)ut

(4)
(5)

h = 1 step ahead forecasts are available analytically
We use simulations for multi-day forecasts (h = 5, 10)
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Evaluation of quantile forecasts
We evaluate absolute performance using DQ test of Engle
& Manganelli (2004).
Hit Hitt+1 = 1{rt+1 ≤ qα (rt+1 |Ωt )},
Is regressed using logistic regression on its own past values.
To assess relative performance, we use loss function of
Giacomini & Komujer (2005):
Lα (et+1 ) = (α − 1{et+1 < 0})et+1 ,
where et+1 = rt+1 − qα (rt+1 |Ωt ).
Equal predictive ability is tested with Diebold & Mariano
(1995) test with the Newey-West correction for h−step
ahead quantile forecasts.
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Empirical Results

S&P 500 and WTI Crude Oil 1996 - 2008
We report only 5%, 10%, 50%, 90%, and 95%, but we can
obtain any desired number of quantiles.
h = 1, 5, 10 step ahead forecasts of all models.
We model returns distributions and realized volatility
distributions.
Use realized volatility, MedRV, Jumps, RS+ , RS− as
regressors.
We use VIX and construct MFIV for crude oil (OVX
available only from 2007)
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Results: Returns of S&P500
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Results: Returns of S&P500
Graphical representation of estimated quantile regression
process (LQR3 model)
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Results: 1% and 99% quantiles S&P500
CAViaR in black, Realized CAViaR in blue, LQR in red
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Results: Returns of WTI Crude Oil
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Results: Returns of S&P500
LQR models has exact conditional coverage and are well
specified (p<0.05, model is misspecified)
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Results: Returns of S&P500 forecasts
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Results: Realized Volatility of S&P500
1/2

Note stable increase in RVt
observed by literature

⇒ volatility-of-volatility effect
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Results: Realized Volatility of S&P500
Note stable increase in V IX ⇒ volatility-of-volatility
dependent also on expectations
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Results: Realized Volatility of S&P500
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Results: Realized Volatility of S&P500
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Summary of empirical results

Realized volatility and implied volatility carry significant
information about future quantiles of returns as well as
volatility.
⇒ persistent volatility drives persisten quantiles
Negative semivariance drives both left and right tail
(positive does not have significant impact)
Jumps play (although small) role in forecasts
HARQ captures conditional quantiles of volatility well
In a multi-day ahead forecasts, LQR and HARQ performs
best, especially in a right tail of distribution.
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Epilogue
Yes, we can easily forecast full distribution of returns using
high-frequency data
Yes, we can easily forecast full distribution of volatility
Improvement is greater in multi-day ahead forecasts
We allow for reliable conditional risk measurement
Future work: many extensions, one of them: use Quntile
VAR.
I have provided preview of results: Full paper online
In case you are interested, paper is available through SSRN, or
RePEc
(version after revision in JoFE)
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Thank you very much for your attention!
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